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ABSTRACT 


We  are  investigating  the  conditions  under  which  en¬ 
hanced  scattering  of  far-infrared  laser  radiation  (X  r  337j*) 
can  be  obtained  from  theta -pinch  plasmas.  The  enhanced 
scattering  cross  section  results  from  large  electron  den¬ 
sity  fluctuations  generated  by  nonthermal  electrons  in  the 
plasma.  The  scattering  cross  section  is  derived  from 
kinetic  theory  using  "rigid  rotor"  distributions  to  model 
the  specific  theta-pinch  plasma  and  the  conditions  under 
which  it  can  become  greatly  enhanced  are  examined. 

Three  types  of  bremsstrahlung  —  free -free,  magnetic  wave- 
wave,  and  nonmagnetic  wave -wave  —  are  discussed  and  the 
power  produced  by  each  kind  computed  and  compared  to  the 
scattered  power.  For  typical  HCN  laser  power  densities 
of  the  order  of  10  watts/cm2,  the  bremsstrahlung  considera¬ 
bly  exceeds  the  scattered  power  in  both  the  wideband  (over 
all  frequencies)  and  narrowband  receiver  cases.  Additional 
calculations  indicate  that  an  experiment  with  the  more  power 
ful  CO2  laser  (X  »  10.  6jj)  would  be  more  likely  to  succeed. 
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1.  INTRODUCTION 


The  Plasma  Dynamics  Group  (CPR)  is  using  far- 
infrared  lasers  (337/u  to  119y)  as  tools  for  plasma  diagnos¬ 
tic  work.  One  experiment  currently  under  consideration 
is  the  scattering  of  laser-produced  337ft  radiation  from  a 
theta -pinch  plasma.  Because  of  the  background  noise 
level  involved  (bremsstrahlung,  etc. )  in  laser  scattering 
from  such  theta-pinch  plasmas,  it  is  necessary  to  obtain 
considerable  enhancement  over  the  thermal  scattering 
cross  section.  This  report  will  examine  some  conditions 
under  which  we  expect  to  obtain  this  enhancement. 

We  are  considering  the  Incoherent  scattering  of 
electromagnetic  radiation  from  electron  density  fluctua¬ 
tions  as  in  Refs.  1  and  2.  The  enhanced  scattering  cross 
section  depends  on  the  existence  of  enhanced  levels  of 
electron  density  fluctuations  that  in  turn  can  be  produced 
only  by  a  plasma  with  a  nonthermal  electron  component. 

The  incoming  radiation  interacts  with  the  electron 
density  fluctuations  and  is  absorbed  by  the  plasma.  The 
oscillating  electrons  generating  the  density  fluctuations 
then  reradiate  the  scattered  radiation.  When  the  propa¬ 
gating  oscillations  or  plasma  waves  (that  are  induced  by 
the  beating  between  the  incoming  and  outgoing  frequencies 
and  wavenumbers)  have  the  same  direction  and  phase  ve¬ 
locity  as  those  generated  by  the  nonthermal  density  fluc¬ 
tuations,  then  resonance  occurs  and  a  substantial  enhance¬ 
ment  of  the  scattering  cross  section  is  obtained. 

In  a  thermal  plasma  the  ion  and  electron  distribu¬ 
tion  functions,  f,  are  Maxwellian.  If  we  arbitrarily  pick 
out  a  single  electron  traveling  at  some  velocity,  vQ,  then 
this  electron  generates  a  Cerenkov  wake  or  train  of  longi¬ 
tudinal  plasma  oscillations  behind  it  with  phase  velocities 
co/k  between  0  and  v0.  In  a  thermal  plasma  (af/Sv  <  0) 
there  are  always  more  particles  with  velocities  just  less 
than  some  given  velocity  than  there  are  particles  with 
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velocities  just  greater  than  this  given  arbitrary  velocity. 
Thus  an  electrostatic  wave  propagating  through  the  plasma 
with  this  phase  velocity  will  gain  some  energy  from  the 
slightly  faster  particles  but  will  lost  more  energy  to  the 
more  numerous  slower  particles.  In  short,  the  wave  will 
be  damped  with  the  magnitude  of  the  damping  proportional 
to  Sf/Sv.  This  is  one  usual  way  of  explaining  Landau  damp¬ 
ing  (see,  for  example,  Montgomery  and  Tidman,  Appendix 
B  (Ref.  3).  Thus,  the  longitudinal  plasma  oscillations 
generated  by  our  test  electron  will  be  absorbed  by  the 
Maxwellian  plasma.  In  this  way,  a  balance  is  struck  be¬ 
tween  emitted  and  absorbed  longitudinal  plasma  oscilla¬ 
tions  that  determines  the  low  amplitude  level  of  the  thermal 
electron  density  fluctuations. 

In  a  nonthermal  plasma,  however,  we  can  have  a 
region  in  velocity  space  where  df/dv  is  almost  zero  (see 
Fig.  1).  This  can  be  caused,  for  example,  by  having  a 
number  of  high-speed  electrons  drift  through  the  back¬ 
ground  plasma  (if  Ve  is  the  thermal  speed  of  the  back¬ 
ground  electrons,  Ve2  =  KT/me,  then  >  several  Ve, 
where  is  the  drift  velocity  of  the  high-speed  electrons). 
The  high-speed  electrons  generate  (as  before)  their  elec¬ 
trostatic  Cerenkov  plasma  oscillations.  Now,  however, 
there  is  the  critical  difference  that  very  little  absorption 
take  place  for  those  oscillations  having  phase  velocities 
within  the  df/dv«  0  region  of  velocity  space.  The  peak 
electrostatic  field  amplitudes  become  quite  large  and 
hence  the  amplitudes  of  the  corresponding  electron  density 
fluctuations  become  much  larger  than  for  the  thermal 
case. 

Under  these  conditions,  therefore,  the  scattering 
cross  section  becomes  greatly  enhanced.  In  a  similar  way, 
we  will  see  later  that  certain  types  of  bremsstrahlung  in¬ 
volving  collisions  between  traveling  plasma  oscillations  or 
waves  will  also  be  greatly  enhanced  over  thermal  values. 
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Fig.  1  SCHEMATIC  OF  VELOCITY  DISTRIBUTION  WHERE  df/dv  IS  ALMOST  ZERO 
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2.  THEORY 


We  are  considering  the  standard  situation  (Refs.  1 
and  3)  in  which  an  incident  plane  wave  of  frequency  0Q  is 
scattered  by  the  plasma  through  some  angle  and  the  scat¬ 
tered  radiation  emerges  at  the  frequency  co.  The  differen¬ 
tial  cross  section  a  (per  unit  frequency  interval  and  per 
unit  solid  angle)  is  given  as: 

CT(w)  =  r  2  S  (K  -  -  N,  co  -  a  )  (1) 

o  c  o 

where  S  is  the  spectral  density,  <&  is  (co  -  Cl0)/Q,0,  and 
rQ  —  the  classical  electron  radius  —  is  e2/mc2.  K  is  the 
wave  vector  of  the  incoming  radiation  and  hf  is  the  unit 
vector  in  the  direction  of  the  scattered  radiation.  We  will 
see  later  that  the  frequency  condition  for  enhancement  is 
that  |  (o  -  £20|  <*)p  where  cop  is  the  plasma  frequency 

(cup2  =  4?re2n/me).  In  the  case  where_pQ  »  cOp^then 
|  co  -  £20|  «  and  we  can  write  k  =  K  -  (co/c)N?v 

K  -  (00/c)N. 

The  dominant  term  in  S  is  that  for  the  electrons, 
where  S  is  given,  for  example,  by  Eq.  (16)  of  Rosenbluth 
and  Rostoker  (Ref.  1).  It  is  convenient  to  use  the  notation 
of  Tidman  and  Dupree  (Ref.  4)  and  we  find  that: 


where  the  arguments  on  the  right-hand  side  of  Eq.  (2) 
are  (k,  ico ). 

If  we  use  a  "weak"  field  expansion  (Ref.  5)  where 
<<<jCP^  toar  =  e|B0l  a  indicates  ions  or  electrons). 
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then  in  lowest  order  Ua  and  can  be  defined  as  in  the 
zero  magnetic  field  case.  The  roots  of  the  dispersion  rela¬ 
tion,  Re(D)  =  0,  however,  are  changed  somewhat  by  the  in¬ 
clusion  of  the  field. 

With  this  in  mind,  tne  quantities  in  Eq.  (2)  are  de¬ 
fined  as  follows: 

co  f  (v) 

U  (k,  s)  f  dv  - — -  (3) 

01  -®  (s  +  ik  •  v) 

af 

y  2  oo  k  •  — 

L  (£,  s)ss-“  f  dv - — —  Re(s)  >  0  (4) 

k  -  (s  +  ik  •  v) 

with 

D(k,  s)  =  1  -  E  1^  (k,  s)  (5) 

a  u 

Thus,  in  lowest  order  we  find  (Ref.  5)  that: 


(Only  the  electron  contribution  is  included  in  Eq.  (8)  since 

m.  »  m  .  ) 
i  e 

As  usual,  the  reduced  distributions,  F  ,  are 
defined  by: 
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(9> 


(10) 


We  shall  consider  frequencies  near  u.'p  and  k  <  kD 
Then  the  spectral  density  becomes  (similarly  to  Ref.  5): 


2Re(U  ) 

S  (k,  cossoj  )  zz  2Re(U  )  • 

P  |  D| 2  6 


2  2  2  „  2  - 

2  ) 

U'n  wn  P  9  3^'  9  9  9  0 

1  -  ~T  -  -  V  sin  (krvf  +  kfv,2) 

+  [Im(D)]2} 

( 

_  05  05  05 

J 

where  0O  is  the  angle  between  k  rnd  B  .  This  can  be 
written  (Ref.  4)  as: 


S  (k,„) 
ee 


2(ffu;  /4k)  F  (-  k,  ce/k) 
P  e _ 

2  2 
(co  ±  co  )  +  yT 


(lla) 


where  y^  is  the  Landau  damping  decrement. 


yT  =  (ffu)3/ 2k2)  F  1  (-  k,  co/k)  =  (u  / 2)  Im(D)  ,  (12) 
L  p  e  p 


and  u>Q  i~  the  solution  of  Re(D)  =  0,  i.  e.  , 


cc 


2  2  2  2  2  2  2 
o,'  +0  sin  0  +3  (kfv±  +  k||  Vy  ) 
p  c  o  A  A  "  " 


(13) 


(11) 
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and  we  have  written  f>c  =  |flej.  Thus  See  has  a  resonance 
or  Lorentzian  line  shape. 

If  we  wish  to  consider  just  the  scattering  cross  sec¬ 
tion  per  unit  solid  angle  crt,  we  integrate  out  the  frequency 
dependence,  i.  e. , 

at  =  J  '  <14> 


When  See  is  integrated  to  obtain  at,  we  can  represent  the 
resonance  as  a  delta  function  (Refs.  4  and  5).  That  is,  we 
consider  the  regime  where  y^  is  very  small  but  not  exactly 
zero  (y  =  0  indicates  the  onset  of  instability).  Thus  we 
neglect  The  effects  due  to  finite  resonance  breadth  y ^  to  ob¬ 
tain: 


See  ( I  w  |  ~  k  <  kn)  * 


IT  kus 


D' 


00 


Fe(-U,  oil k) 

1  Fe*(-  k,  oo/k)( 


6(oo-ooo)  +  6(oj+ojo) 


(15) 


where  the  prime  denotes  differentiation  witt>  respect  to  the 
second  variable,  oo/k.  We  will  get  enhancement  only  when 
the  arguments  of  See  are  as  indicated  in  Eq.  (15).  Thus, 
from  Eq.  (1)  we  require  j  oi  -  ft  |  « oOp  and  our  final  expres¬ 
sion  for  See  is: 


S 

ee 


a 


(K 


o 


N, 


/f2  (to -ft  )\ 

pe(-r  S  '  ~ k - ) 

toV>\  (6(«-0o  -  <oo>  +  (<0-Oo  +  co0)l  U6) 

k  / 
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Using  Eqs.  (16)  and  (1)  in  Eq.  (14)  gives  us- 


l 

I 

l 

l 

l 

I 

I 
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In  the  second  term  of  Eq.  (17)  we  have  used  the  symmetry 
of  Eq.  (9),  i.  e.  ,  Fn(k,  u)  =  Fa(-  k,  -  u). 

Equation  (17)  clearly  indicates  that  Fe'  must  become 
very  small  to  give  significant  enhancement.  A  thermal 
or  Maxwellian  plasma  will  not  yield  the  desired  result;  a 
nonthermal  high  -energy  component  of  electrons  is  re¬ 
quired.  As  we  have  been,  the  physical  mechanism  is  sim¬ 
ply  that  the  balai.ee  (present  in  a  thermal  plasma)  between 
emission  and  absorption  of  electrostatic  oscillations  is 
disrupted  by  the  presence  of  the  high-speed  electrons. 

This  lack  of  balance  (i.  e. ,  enhanced  emission  coupled 
with  greatly  reduced  absorption)  then  leads  to  excitation 
of  large  amplitude  density  fluctuations. 


I 
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3.  APPLICATION  TO  THETA -PINCH  PLASMAS 


The  model  we  propose  to  use  to  approximate  the 
laboratory  plasma  is  an  infinitely  Ion*7  theta -pinch  plasma 
with  a  two-component  (the  background  plus  the  high-speed 
electrons)  rigid  rotor  distribution  function.  The  use  of 
the  rigid  rotor  distribution  is  well  established  for  theta- 
pinch  or  cylindrically  symmetric  plasmas  confined  by  an 
axial  magnetic  field  (Refs.  6  to  14).  Ir  this  model: 

f  =  f  [-(€-«  PJ/T)  .  (13) 

S  a 

„  -  ,  2  2.2. 

Here  e  =  fm  (v  -r  v  tv  )  ~  ap  , 
r  o  z 

(19) 

and  P  =  mr  (v  +  q  A  /me)  . 
a  a  o 

If  the  magnetic  field  is  time-independent  then  the 
energy  (  of  a  charged  particle  is  always  a  constant  of 
the  motion.  If  this  field  is  also  cylindrically  symmetric, 
then  the  canonical  angular  momentum  Pg  of  a  charged 
particle  is  also  a  constant  of  the  motion.  Thus  we  con¬ 
struct  cur  solution  to  the  Vlasov  eouation  in  a  magnetic 
field  from  the  constants  of  the  motion.  A  convenient  spe¬ 
cific  function  to  use  is  the  Maxwellian.  To  quote  from 
Ref.  8:  "The  term  rigid  rotor  comes  from  the  fact  that 
the  mean  velocity  of  fhe  particles  described  by  Eq.  (21) 
[our  Eqs.  (18)  and  (20)]  is  entirely  in  the  0  direction 
and  is  proportional  to  r  with  proportionality  constant 
o>s,  as  is  the  motion  of  a  cylindrically  symmetric  rigid 
body  rotating  about  its  axis  with  angular  velocity  ccs-  " 

The  rigid  rotation  model  has  been  applied  to  high  beta 
theta-pinch  plasmas  in  the  collisional  regime  (Ref.  15) 
and  has  also  been  discussed  by  Komarov  and  Fadeev  (Ref. 
16)  for  collisionless  plasmas.  Finally,  we  note  that  (Ref. 
11):  "If  one  considers  the  Boltzmann  equation  with  a 
Fokker  Planck  collision  term,  then  the  only  equilibrium 
solution  possible  is  one  with  rigid  rotation.” 
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The  type  of  distribution  function  we  start  with  is 
(after  Morse  (Ref.  8)): 


f  (V.)  = 
e  3 


’-(r)  0  \ 

- - -  pvn  /  - 


,3/2  „  3 


2  .  2  .  , 

—  V  -TV  T  ( V  -  (£. 

2  r  z  0  “'i 


:ir>2] 


,  (20) 


where  j  is  an  index  denoting  the  background  or  high-speed 
electrons  and 


where  r^  and  are  constants;  rQ  is  the  characteristic 
dimension  of  ttie  plasma;  and  if  r^  >  o,  then  r^  is  the 
radius  at  which  the  maximum  density  occurs. 

One  case  Morse  (Ref.  8)  discusses  is  that  of  a 
plasma  with  small  net  angular  momentum  where  cee me  % 

-  and  the  electrons  carry  most  of  the  diamagnetic 

current.  We  shall  use  this  case  to  describe  our  theta- 
pinch  plasma  and  we  propose  that 

f  «(1  -  6)  f  (V  )  +  6  f  (V’  )  (22) 

e  e  e  e  E 

where  6  measures  the  fraction  of  high-speed  electrons 
(0  <  6  «  1),  Ve  is  the  thermal  velocity  of  the  background 
electrons,and  Vg  is  the  thermal  velocity  of  the  high-speed 
or  energetic  electrons.  If  we  wrote  Eq.  (22)  out  in  full 
using  Eq.  (20),  we  would  note  that  the  high-speed  elec¬ 
trons  drift  through  the  background  plasma  in  the  0  direc¬ 
tion  with  a  drift  speed  Vd  given  by  uigr  (where  r  is  the 
distance  from  the  axis  of  symmetry)  since  erg  »  itfe- 

We  use  Eqs.  (20)  and  (22)  in  Eq.  (9)  to  find  tnst 
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„  /T*  %  (l-6)n(r) 

F  (k,  u)  = - » - exp 

e  (2tr  f  V 


^  6n(r) 

(2ff)S  VT 


-u. 

2V  ~  '  7  j 


(23) 


exp 


-h(-*£) 

2V~  '  s  ' 


2, 


We  insert  Eq.  (23)  in  Eq.  (17),  using  fhe  following 
definitions: 

2  #,  2t.  2  2 
y.  =  2a:  /k  V  r 
p  e  o 


a  =  a;  /(2)f  kV  , 


b  =  “Er(  -T  Ne  ■  Ke)  /<co  3  “ErV“o  ■  and 


(24) 


d  =  a:  /«„  , 
e  £ 

to  obtain  a  simplified  expression  for  7^.  Thus: 


+  « 

(Is ) 

(1-6) 

'V 

6  1 

,V  S 
(^) 

(1-6)  1 

6 

T  ( 1  -6) 

'V 

6  1 

'  V  3 

e  ) 

(1-6)  \ 

.1  -  b)2  -  (1  -  fad)2 


(1  -  bd)  + 


(  2 

( 1  -  b) exp  j  -  a 


(«) 


(1  -  b)2  -  (1  -  bd)2 


j  2 

exp  -  a 


(1  -  b)2  -  (1  -  bd)2 


(25) 


( 1  +  bd ) 


(  2 

( 1  +  b)  exp  -  a 


(1  -  o)2  -  (1  -r  bd)2 
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4.  ENHANCED  SCATTERING  RESONANCE 


We  no'a  wish  so  examine  the  concisions  under  which 
the  right-hand  side  of  Eq.  (25)  can  become  very  large. 

We  first  note  that  if  6  =  0,  the  purely  -hermr.I  case,  then 
xfj  =  2/(1  =  b-d-).  This  will  be  our  standard  of  reference. 
In  ?he  cases  we  will  consider,  b  is  never  much  greater 
than  1.  0  and  d  is  always  0.  1  or  smaller;  thus  for  ail 
practical  purposes,  jtr.  a  2  ir.  the  thermal  case. 

The  right-hand  side  of  Eq.  (25)  can  become  very 
large  if  either  one  or  both  of  the  denominators  becomes 
very  small,  or  one  or  both  o l  the  numerators  becomes 
very  large.  The  two  points  at  which  this  happens  are 
when  the  denominator  vanishes  and  when  b  equals  1. 

(These  possibilities  occur  only  with  the  first  term  where 
b  is  preceded  by  a  minus  sign.  )  We  will  see  later  that 
while  the  spike  produced  by  the  vanishing  denominator  is 
infinite  in  amplitude,  it  is  extremely  narrow  with  respect 
to  b  (see  the  Appendix).  Ti.us,  the  total  energy  in  the 
fluctuations  and  the  power  rerrdiated  is  finite.  This  situa¬ 
tion  is  similar  to  that  described  by  Tidman  and  Dupree 
(Ref.  4,  Section  5),  where  they  find  that  the  spectral  den¬ 
sity  S  diverges.  However,  when  one  wavenumber,  k, 
first  becomes  unstable,  they 'ound:  ". . .  an  .minteresiing 
change  in  the  bremsstrahlung  —  i.e. ,  there  is  no  spec¬ 
tacular  increase  tn  the  emission. . . .  ’  They  determined 
that  the  resonance  must  be  quite  broad  for  a  detectable 
increase:  "  For  enhanced  emission  we  require  that  a 
range  of  wavenumbers  are  bordering  on  instability  —  or  at 
least  that  a  range  of  wavenumbers  have  an  extremely 
small  Landau  damping.”  Hence,  for  all  practical  pur¬ 
poses,  ve  consider  Eq.  (20)  as  used  in  Eq.  (22)  a  stable 
nonthermal  disti  lbution.  An  unstable  distribution  gen- 
eraSng  gross  instabilities  cannor  be  handled  within  the 
framework  of  our  theory.  Thus,  exceedingly  larce  am¬ 
plitudes  in  the  density  fluctuations  inval.date  the  basic 
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premise  on  which  the  theory  is  based  (Ref.  17),  namely, 
that  the  nonthermal  fluctuation  level  is  considerably  less 
than  the  thermal  fluctuation  level  divided  by  the  plasma 
discreteness  parameter  A  (A-1  =  ngXjy*,  where  nc  is  the 
average  density  and  Xj)  is  the  Debye  length). 

A  stade  resonance  does  occur  for  b  =  1.  If  we  con¬ 
sider  only  those  cases  for  which  bd  «  1  and  a^  »  1,  for 
example,  then  we  find  that  the  dominant  term  in  F~.  (25) 
can  be  written  as: 


& 

^(1-6) 


e  .  2 
— —  exp  (a  )  . 

VE 


(26) 


Thus  we  see  that  for  sufficiently  large  values  of  a 
(and  to  a  lesser  degree  of  importance,  6  and  Vg/V^),  we 
can  get  orders  r* '  magnituae  enhancement  over  the  thermal 
value  of  2. 
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5.  DISCUSSION 


Broadness  of  Scattering  Resonance 

Asa  starting  point,  we  arbitrarily  use  the  following 
set  of  numbers:  6  =  10~6,  VE  =  10  Ve,  a  =  6,  and  d  =  10-2. 
Exactly  ?t  r^onance  (b  =  1)  the  enhancement  over  thermal 
is  2.  1  x  108.  This  resonance  is  quite  sharp  in  terms  of 
full  width  at  half  maximum.  For  example,  a  change  in  b 
(Ab)  of  ±  0.  01%  drops  the  enhancement  factor  to  5  x  10^, 

We  should  note,  however,  that  the  further  decline  in  en¬ 
hancement  drops  rapidly  as  |  Ab|  becomes  larger  (the 
resonance  line  is  essentially  symmetric  about  b  =  1,  apart 
from  the  aforementioned  narrow  spike).  At  Ab's  (f  1% 
and  20%,  we  still  have  enhancement  factors  of  approxi¬ 
mately  5  x  103  and  3  x  102,  respectively.  We  also  note 
that  since  co0  is  a  very  large  frequency  (~  2  x  1012  Hz)  we 
still  get  enhancement  factors  of  5  x  105  or  better  over  a 
bandwidth  of  200  MHz  on  each  side  of  the  resonance. 

Sensitivity  to  Parameter  Changes 

The  parameter,  a,  given  in  Eq.  (24)  is  proportional 
to  the  phase  velocity  of  the  plasma  oscillation  over  the 
thermal  velocity  of  tne  background  electrons.  At  reso¬ 
nance  (b  =  1),  and  in  the  baekscattering  case  where  N  and 
-K  are  in  essentially  the  same  direction  along  a  chord  a 
distance  R0  from  the  axis  and  k  =  2  ClQl c,  then  we  have: 


In  this  case,  a2  =  |  (V<j/Ve)2,  where  (= 
is  the  drift  velocity  of  the  high-speed  electrons  and  Ve  is 
the  thermal  velocity  of  the  background  electrons. 

If  we  look  at  Eq.  (2  5),  wo  see  that  it  is  a  function 
of  four  variables.  These  are:  F>  ,  the  fraction  of  high- 
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speed  electrons;  Vj;/Ve,  the  ratio  of  the  thermal  velocities; 
b,  the  resonance  factor;  and  a,  as  discussed  above.  These 
parameters  were  varied  as  follows: 


1. 

6/(1  -  6) 

=  io'7,  io-6, 

io"5,  io"4 

2. 

VJV 

E  e 

=  1,  3,  5,  6, 

10 

3. 

a 

-  1,  2,  3,  4, 

5,  6 

4. 

b 

=  1,  0.  99995, 

0.  9999,  0.  9 

0.  9901,  0.  9091 


To  summarize  the  results,  in  all  cases  stur’ied,  signifi¬ 
cant  enhancement  occurred  only  when  a  =  5  or  6.  At  most, 
a  =  4  led  to  enhancements  of  about  90.  Not  surprisingly, 
the  enhancement  factors  wtre  more  or  less  proportional 
to  6  with  the  largest  value  for  6/(1 -6)  =  10~4.  A  small 
value  of  Vg  increased  the  magnitude  of  the  resonance  but 
sharpened  it  considerably.  Thus,  for  a  =  6,  Vj;/Ve  =  1 
gave  a  b  =  i  resonance  10  times  larger  than  VWVe  =  10. 

At  b  =  0.  999  (off  resonance),  however,  the  V]7;/Ve  =  10 
case  yielded  100  times  the  enhancement.  We  find,  there¬ 
fore,  that  the  enhancement  is  not  particularly  sensitive 
to  6  or  Vg/Ve  although  large  values  of  both  are  desirable. 
In  all  situations  studied,  the  "wings"  of  the  enhancement 
profile  are  quite  wide  and  flat;  here  the  magnitude  out  in 
the  wings  is  affected  by  the  Vg/Ve  ratio  as  noted  above. 


The  critical  factor  then  is  a.  We  will  not  get  sig¬ 
nificant  enhancement  (>  100)  unless  we  have  a  >  4. 


Some  Practical  Considerations 


The  natural  frequency  of  the  plasma  coG  (given  by 
Eq.  (13))  is  not  very  different  from  the  plasma  frequency 
0!  which  is  a  function  of  the  density.  Thus,  if  resonance 
conditions  are  met  at  a  particular  point  in  the  plasma, 
then  the  density  variation  away  from  this  point  may  "de¬ 
tune"  the  resonance. 
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If  the  radiation  enters  the  plasma  along  a  chord 
(the  backscattering  case)  located  a  distance  RQ  from  the 
axis,  then  we  can  calculate  the  distance  of  any  point  along 
the  chord  to  the  axis  (see  Fig.  2). 


The  distance  of  the  point  to  the  axis,  Pj,  is  given  by: 


P 


1 


(28) 


where  pQ  is  the  radius  of  the  plasma,  and  s  is  the  dis¬ 
tance  along  the  chord  from  the  surface  (Fig.  2).  Thus  p ^ 
ranges  from  a  maximum  of  pQ  to  a  minimum  of  RQ.  If 
R0  is  large  fraction  of  pQ,  the  variation  of  p^  can  be  quite 
slow.  In  addition,  co0  will  vary  slightly  slower  than/n  so 
that  the  variation  of  ui0  along  a  large  Rq  chord  need  not  be 
too  fast.  It  might  also  be  possible  to  have  a  geometrical 
arrangement  such  that  rqg  decreases  in  about  the  same 
proportion  as  co0  decreases  (Eq.  (24)). 

Forward  scattering  (i.e.  ,  angle  between  source  and 
receiver  >  90°)  appears  to  impose  undue  restrictions  on  the 
resonance  condition  by  making  qg  quite  small.  For  example, 
in  the  worst  case  when  the  receiver  is  in  a  direct  line  with 
the  laser,  needs  to  be  of  the  order  of  c.  We  do  not  be¬ 
lieve  that  this  occurs  in  the  plasma  in  the  first  place,  and 
in  the  second  place,  our  treatment  has  been  strictly  non- 
relativistic.  As  the  receiver  is  swung  around  the  plasma 
towards  the  backscattering  region,  qg  increases,  thereby 
relaxing  the  restr.ction  that  =  c  and  making  the  reso¬ 
nance  condition  more  achievable. 


One  geometry  that  gives  poor  results  is  equal- 
angle  scattering.  That  is,  the  source  and  receiver  are 
located  at  equal  angles  from  the  vertical  reference  line, 
with  the  point  of  intersection  on  the  vertical  line  (see  F>g. 
3).  This  geometry  gives  essentially  the  same  result  as 
the  worst  case  cited  above  (Vd  «  c)  and  hence  no  enhance¬ 
ment. 
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Fig.  2  CHORD  GEOMETRY  SHOWING  DISTANCb  i-ROM  AXIS  pi 
AS  A  FUNCTION  OF  DISTANCE  ALONG  THE  CHORD  s 
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A  geometry  that  seems  promising  is  shown  in  Fig. 

4.  This  might  fc?  called  (case  B)  equal-angle  scattering 
about  a  chord  (i.  e. ,  a  line  that  dees  not  intersect  the  axis 
of  the  plasma).  In  Fig.  3  geometry,  the  theta-components 
of  the  incident  and  scattered  radiation  wave  vectors  almost 
cancel;  in  Fig.  4  geometry  (case  B),  the  vectors  add.  We 
note  that  the  theta  components  for  cases  A  and  C  are  much 
smaller.  Thus,  tne  Fig.  4  geometry  has  the  advantage  that 
qg  decreases  as  r  increases,  thereby  enabling  the  reso¬ 
nance  condition  to  be  maintained  in  a  larger  volume  of  the 
plasma. 
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Fig.  4  GEOMETRY  FAVORABLE  FOR  ENHANCEMENT  (CASE  B) 
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6.  BREMSSTRAHLUNG 


Bremsstrahlung  (or  braking  radiation)  is  the  elec¬ 
tromagnetic  radiation  emitted  whenever  a  charged  particle 
is  accelerated.  Because  of  its  small  mass,  the  electron 
is  nearly  always  the  particle  under  consideration. 

When  an  electron  emits  a  photon  in  an  electron-ion 
collision  and  the  heavy  ion  absorbs  the  momentum,  the 
electron  must  decrease  its  energy  (Spitzer,  Ref.  13).  If 
the  electron  remains  free,  such  transitions  are  called 
free-free.  The  usual  formula  for  free-free  bremsstrahlung 
(Ref.  13  and  Giassione  and  Lovberg,  Ref.  IS)  is  obtained 
by  summing  the  contribution  due  to  single  electrons  by  giv¬ 
ing  the  electrons  a  Maxwellian  distribution  of  velocities. 

If  we  wish  t5  consider  ’’clumps’’  of  electrons  in  a 
plasma  interacting  in  a  coherent  or  cooperative  way  with 
clumps  of  ions  or  other  clumps  of  electrons,  then  we  ob¬ 
tain  wave-wave  bremsstrahlung.  Some  authors  (e.g. , 

Ref.  20)  refer  to  this  radiation  as  anomalous  bremsstrah¬ 
lung.  Wave-wave  brems  Jtrahlung  is  produced  by  colli¬ 
sions  between  two  plasma  waves  or  traveling  oscillations. 

A  collision  between  an  electron  plasma  oscillation  (EPO) 
and  an  ion  plasma  oscillation  (IPO)  will  produce  brems¬ 
strahlung  at  essentially  the  electron  plasma  frequency 
(the  ion  plasma  frequency  is  down  by  a  factor  of  about  43). 
Similarly,  collisions  between  two  EPO's  will  produce 
bremsstrahlung  at  twice  the  electron  plasma  frequency 
(see,  for  example.  Refs.  4  and  5). 

One  problem  that  arises  in  these  scattering  experi¬ 
ments  then  ! s  the  noise  due  to  bremsstrahlung.  A  con¬ 
siderable  enhancement  in  the  scattering  cross  section  is 
needed  to  handle  the  noise  due  to  the  free-free  thermal 
bremsstrahlung.  Nonthermal  or  anomalous  bresmstrah- 
lung  is  also  troublesome  since  the  same  basic  mechanism 


Preceding  page  blank 


-  25  - 


xippiliso  Piuses  wacpj.TCTa.Y 

**.*»  k«k««o 


(colliding  plasma  oscillations)  creates  both  the  enhanced 
electron  density  fhictnations  leading  to  the  enhanced  scat¬ 
tering  cross  section  and  the  nonthermal  bresnsstrahlsing. 

The  work  by  Chin-Fatt  and  Griem  (Ref.  20)  on  non¬ 
thermal  bremssirahhmg  from  theta -pinch  plasmas  is  bat 
one  reference  supporting  the  theory  of  Tidman  and  Dupree 
(Ref.  4)  that  colliding  longitudinal  plasma  waves  generate 
electromagnetic  radiation.  Having  calculated  that  a  slab 
of  thermal  helium  plasm?  5  cm  thick,  with  ne  =  rtj  = 

5  x  10—  cm~3  and  Te  =  50  eV,  emits  less  than  10"® 

W  cet:‘“  sr-l/cm--,  Chin-Fatt  and  Griem  (Ref.  20)  find 
that  their  measured  peak  intensities  are  about  three  orders 
of  magnitude  larger.  In  their  case,  then,  the  anomalous 
or  collective  bremssirahhmg  is  dominant  over  the  free- 
free.  The  inference  is  strong  that  the  theta-pinch  plasma 
used  in  Ref.  20  would  also  have  an  enhanced  scattering 
cross  section;  it  certainly  has  come  nonthermal  electrons. 

In  Ref.  20  there  is  a  statement  that  ". . .  even  a 
thermal  plasma  has  a  spectrum  of  plasma  waves  in  the 
approximate  frequency  range  Xp  £  cc  5  1-  4  tCp- .  -  ”  This 
implies  that  a  nonthermal  plasma  may  have  an  even 
broader  spectrum.  In  any  case,  the  figures  for  the  funda¬ 
mental  and  first  harmonic  with  a  central  density  of  10^ 
cm"3  indicate  a  range  of  119  to  334pt  for  this  enhanced 
radiation.  Thus,  if  we  are  considering  plasma  puffs  of 
perhaps  2  x  10*6  cm~^  central  density  or  more,  with 
lower  densities  away  from  the  core,  this  rather  critical 
wavelength  range  of  111  to  33  7/x  is  quite  thoroughly 
blanketed. 

The  ideal  situation,  of  course,  would  be  to  have 
the  incident  frequency  >  several  u;p.  Then  the  scattered 
radiation  would  be  clearly  distinguishable  from  the  collec¬ 
tive  bremsstrahlung  and  the  enhancement  in  the  scattering 
cross  section  would  be  needed  only  to  increase  the  signal 
over  the  therms  l  bremsstrahlung  noise.  Unfortunately, 
experimental  limitations  may  completely  preclude  this 
simple  theoretical  suggestion.  Thus,  we  must  investigate 
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these  rare  simultaneous  manifestations  {enhanced  scat¬ 
tering  and  anomalous  bremsstrahlung)  of  the  plasma's 
nonthermal  nature  and  consider  situations  she  re  Q_  is 
not  greater  than  several  oij,- 

For  a  given  level  of  electron  density  fluctuations, 
there  will  be  a  given  amount  of  bremsst rahlung  power 
emitted  and  a  given  scattering  cross  section.  On  the 
other  hand,  the  scattered  power  will  always  be  linearly 
proportional  to  the  incident  power  {we  are  only  consider¬ 
ing  those  cases  where  the  low-power  laser  does  not  per¬ 
turb  the  plasma)  with  the  constant  of  proportionality  de¬ 
termined  by  the  plasma  characteristics.  Clearly,  for 
ary  given  plasma,  i  here  will  be  some  minimum  incident 
laser  power  required  for  the  scattered  signal  to  be  greater 
than  the  bremssfrahlung  and  we  will  determine  this  thresh¬ 
old.  (It  is  always  possible,  of  course,  that  some  kind  of 
sophisticated  processing  or  coding  could  be  employed  (us¬ 
ing  laser  modulation,  perhaps)  to  enable  a  signai-io-noise 
ratio  of  less  than  1  to  be  used,  but  it  is  not  very  likely. 

The  transient  nature  of  the  plasma  puff  and  the  normally 
pulsed  operation  of  the  infrared  laser  would  appear  to 
make  this  rather  difficult.  There  is  the  possibility,  how¬ 
ever,  that  the  technique  of  narrow-banding  the  detector 
would  help  to  pull  the  scattered  signal  up  above  the  noise. 

In  this  regard,  see  Section  7. ) 


Free-Free  Bremsstrahlung 


The  expression  for  free-free  bremsstrahlung  is 
given  in  many  references.  Two  of  these  are  Spitzer  (Ref. 
18)  and  Glasstone  and  Lovberg  (Ref.  19).  From  Ref.  19 
we  have: 

P  =  5.35  x  10  n“  T<  (watts/cm^)  ,  (29) 

br 

where  T  is  in  keV. 

We  are  interested  in  directly  comparing  the  brems¬ 
strahlung  emission  with  the  scattered  signal.  We  will. 
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therefore,  consider  the  bremsstraMnag  emitted  from  the 
illuminated  volume  of  the  plasma  under  the  ame  condi¬ 
tions  that  lead  to  the  enhanced  scattered  resonance.  If 

is  convenient  to  reolace  n-  with  a  term  oronorficnal  to 
£.  ' 
ce0~-  Under  our  weak  magnetic  field  assumption 

(fic~  ■'3c  k3“),  sre  have; 

2  2  2  2 

ce  %  fc  e  3k  V  .  (30) 

P  P  e 

In  the  hackscattering  case,  k  =  2£lQ/c  and  Eq.  (27)  applies 
(txQ  =  2a;g4)0R  / c).  Combining  all  these  relationships,  sre 
find  that: 


/  ^ «  \  9  1 

a  ~  2  (-^J  n  (A**  -  3)?,  (31) 

where  A  =  V^/ Ye.  Thus,  we  can  write  our  final  free -free 
bremsstrahlung  expression  as: 

=  3.233  x  10'°  I  A2  -  3)2  (watts/cm3)  ,  (32) 
br 

where  we  have  taken  T  =  35  eV  (Ve/c  =  1.  2  x  10-2)  and 
fi0  =  5.  6  x  1012  Hz. 

Magnetic  Wave-Wave  Bremsstrahlung 

We  reformulate  and  modify  some  of  the  work  of 
Tidman,  Birmingham,  and  Stainer  (Ref.  5)  to  obtain  the 
bremsstrahlung  power  emitted  —  at  or  near  the  plasma 
frequency  —  per  unit  solid  angle  (dfi),  per  unit  volume, 
and  per  unit  frequency.  Thus,  we  can  write: 
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dOda? 


p2  (“2  "  “p2"  “?  nc  cos«  )  /" 

l  A  J 


,  2  2/2  2 
d2  I  e  *■ 


Sc3  (2ar) 


k<k 


dk  dk,.  dk 
r  @  2 


k 


D 


1 '  *  k2 


kW)  .2.  V  2.| 

4  — sm  £ —  cos 


€33) 


Fe  (k>  tf/k)  Fe  <-k,  a/k) 


|Fe’  (k,  «/k)|  |Fe‘  <-k,  »t/k)j 


6(x  -  x  )  , 
o 


where  ^  =  «p2  -r  3k2Ve2  -  0C2  (kr2  -r  kg2)/k2  and  *  is 
the  angle  between  the  magnetic  field  vector  and  the  direc¬ 
tion  of  the  emitted  radiation.  (We  note  that  for  the  mag¬ 
netic  calculation  we  include  the  Qc2  term  in  >x0-  ) 

We  perform  the  integration  over  &  to  get: 


2  2 


dl 

'in 


u  ~  f  dk  dk  dk  /  \  i 

pi  r  8  z  /  2  2  _  1* 

- T  y  - r. -  I «  -  u  f  cc  n  cos  c  I 

ro.d  k  \o  p  pc  / 


8c  (2tr)‘  k<k 


D 


2  2 

k  **■  k.  I  k 

6  1.  2  z  z  / 

1  -  — - - - sm  it - —  cos  „  ' 


2  k2 
e(E'“o/k)  .  Fe(-k-“o/k) 


1 


M*’  Wo/k)'  lFe'K“o/k)lJ 


(34) 
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Equation  (34)  can  be  simplified  by  noting  that  the  square 
bracket  gees  through  a  resonance  and  hence  can  be  approxi¬ 
mated  by  an  appropriate  delta  function.  Tfeis,  we  have; 


'  Ft6.«o<a 
I  Pe 


and  we  can  perform  .he  integration  over  kg.  The  result 
is,  if  £l*0  is  considered  independent  of  kg  in  the  argument 
of  the  delta  function. 


Equation  (36)  gives  ihe  bremsrtrahlung  power  per  unit 
volume  emitted  into  a  unit  solid  angle  (ergs/s  cm-'  sr). 

We  will  consider  the  backscattering  cacc  and  assign 
the  following  values: 
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V  /c  =  1.2  x  10  "  (T  ^35  eV) 
e  e 


ft  =  5.  6  x  10*  Hz  (X  =  337 (i) 


ft  =3.5x10  Hz  (B  =  2kG) 
c  o 


snd  we  look  at  right  angles  to  the  plasma  cylinder  ($  =  90°). 
Thus,  Eq.  (36)  becomes  (using  P  in  place  of  dl/dft) : 


(2)fe2o:p2  (6/(l-6))  V/  y~kdkr  dk 

8c3  (2ff)4  V  a*  R  Wo 

E  E  o 


fkdkr  dkz  /  2  2\ 

/  - l  CO  “CO  ) 

./  a?  Vo  P  / 


/,  2  .  2  2  2\1 

Ik  ~r  Ui  /  Ur.  R  ) 

1  \  r  o  E  o  / 

2  u2 


exp  |(a:0/kVe)2  . 


We  make  use  of  the  following  set  of  relationships  and  defini¬ 
tions  in  evaluating  P: 

2  2  2  2,2  2 
k=k  +k  + 1 o  /co r,  R 

r  z  o  E  o 


2  2  2  2  2  ,  2,2 
co  =  co  +3kV  +  ft  (J-k  /k) 
o  p  e  c  z 


A  s  w  R  /V 


E  o  e 


y  =  k  /k 
17  r  D 


z  =  k  /  k 
z  D 
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Int 


K  =  k/k 


D 


k  =  03  /V 
D  p  e 


B2  h  a  2/o3  2 
c  p 


r2-  2/  2 

C  *  03  /  03 

O  p 


to  get: 


K2  =  y2+z2  +  C2/A2; 

C2  =  1  +  3K2  +  B2  (1  -  z2/K2);  and 


2  n  2  C2 
b2  = 


4A 2  (V  /c)2n  2 
e  o 


We  now  have: 


e2(6/(1~6))(Va/n)5  "o 


05/2  3  4 

2  c  tr  V 


5  ,  5/2 

(A  -3) 


Int. 


E 


where  the  dimensionless  integral  is: 


(38) 


(39) 


(40) 


(3) 


J 

o 


(3) 


i 

S 


dy  / 


dz  K(  1 


•c"2) 


(i  +  z2/K2)  exp  (C2/2K2)  .  (41) 


This  double  integral  is  evaluated  by  a  multiple  integration 
routine  written  for  PL/I  by  C.  V.  Bitterli  (Ref.  21). 
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For  our  particular  case,  we  find  B  =  0.  1302  C/A 
and  the  bremsstrahlung  is  given  by: 


-22  3 
Pss  5.  895  x  10  - - -  Int  (watts/cm  sr)  .  (42) 

Nonmagnetic  Wave -Wave  Bremsstrahlung 

Our  starting  point  is  Eq.  (43)  from  Tidman  and 
Dupree  (Ref.  4).  That  is: 

e2  w  2  (3)*  V  rD  F  (w  /k) 

P,  - P.  , /  k2dk  -V-2 -  <«) 

3  IT 2  Co  |F  (to  /k)l 

1  e  p 

This  equation  was  derived  for  isotropic  distributions.  We 
will,  however,  replace  k^by  k  to  obtain  an  estimate  of 
the  maximum  amount  of  bremsstrahlung.  As  before,  we 
can  approximate  the  Fe/|Fe'|  term  in  Eq.  (43)  by  an  ap¬ 
propriate  delta  function  since  it  gc  es  through  a  resonance. 
Thus,  we  find  in  analogy  to  Eq.  (35)  and  with  kg  -  k,  that 
we  can  approximate  as  follows: 


VVk) 

|Fe’  (<op/k>| 


.  ,  V  2  ,  ,  ,  (2)5  kV 

-A—  A  —  exp  (u  2/2k2  V  ") - o~~  6(k-k  )  ,  (44) 

<I-«  up  VE  "p  e  »eR0 


where  kQ  =  to  /coeRq.  Thus  P  becomes: 

H 


e2  to  (2/3)^  V  ^  (6/(1  -6))  k  4  /  2  2  2  \ 

■  Vs— -  /  °  ®  «P  («p  ^  ve2  )  6(k-ko) . 


IT  C  V  to^R 
E  E  o 
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We  evaluate  Eq.  (45)  to  find: 

(2/3)^  e2  cc  °  (6/(l-6»  ,  9 

P« - S— f -  A  exp  (A  12),  (46) 


where  as  before  A  =  V<j/Ve.  Finally,  making  use  of  Eq. 
(31)  we  have: 


32(2/3)*  e2  (V/c)°  ftj 5  (6/0-6))  -  9  *l9  0 

P~ - 5 -  A'5(A  -3)  '  exp  (A  /2)  .  (47) 

ff  v 


Calculation  of  values  (as  given  in  Table  1)  verifies 
Tidman's  statement  (Ref.  22)  that  the  magnetic  field  is 
"of  seconaary  importance  in  computing  the  bremsstrahlung 
at  frequencies  ui  ^  0  (coe)»  ft  =  eB/mc."  Thus,  we  find 
that,  in  our  case,  the  magnetic  wave-wave  bremsstrahlung 
is  down  (to  within  a  factor  of  10)  by  ftc^/u)p2  («  2  x  10"^) 
compared  with  the  maximum  nonmagnetic  wave-wave  brems¬ 
strahlung. 


Table  1 

Bremsstrahlung  versus  Scattered  Power 

3 

(all  values  in  watts/cm  sr) 


A 

p 

free-free 

P 

mag 

P 

nonmag 

P 

s 

8 

o.  71  x  10’4 

2.  56  x  10’9 

n 

4.  77  x  **)“ 

1. 77  x 10'5 

9 

1. 59  x  10"3 

1.  17  x 10~° 

8.  91  x  10'3 

3. 20  x 10-2 

10 

2. 46  x  10"3 

1.  28  x  10_1 

3.  29  x  102 

1.16  x  103 
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Comparison  v/ith  Scattered  Power 


The  scattered  power  (Ps)  per  unit  solid  angle  and 
per  unit  volume  of  illuminated  plasma  is: 


P 

s 


n  a  , 
o  t 


(48) 


where  F0  is  the  incident  power  per  unit  area  and  is  our 
previously  calculated  cross  section  (per  unit  solid  angle). 
Since  we  are  considering  large  values  of  A,  we  can  use 
Eq.  (26)  for  a^.  Considering  the  backscattering  case  for 
simplicity,  we  have: 


P  « 
s 


2F  n  ft  2  r  2  V  3 
o  o  o  o  e 

V„co  2  °2  (1-6) 

E  p 


6 

—  exp  (A  ^ 


/  2) 


(49) 


Thus  when  we  compare  the  four  types  of  radiation 
as  functions  of  A  in  Table  1,  we  can  see  the  power  emitted 
by  the  free-free  bremsstrahlung  (this  is  the  conventional 
usage  of  the  word  "bremsstrahlung"  ),  the  magnetic  wave- 
wave  bremsstrahlung,  the  nonmagnetic  wave-wave  brems¬ 
strahlung  (Pnonmag  =  L.  /4ir),  and  the  scattered  power. 

wp 

These  are  in  watts/cm^  sr  and  the  scattered  power  is  cal¬ 
culated  assuming  a  typical  FQ  of  10  watts/cm2. 

We  find  that  if  A  >  8,  then  an  F0  of  10  watts /cm2 
should  be  adequate.  However,  there  are  some  other  fac¬ 
tors  which  would  tend  to  require  a  larger  F0.  The  brems¬ 
strahlung  is  being  generated  in  the  bulk  of  the  plasma, 
whereas  the  scattered  radiation  is  emitted  only  from  the 
small  illuminated  volume.  Thus,  a  well  collimated  de¬ 
tecting  system  is  needed  to  eliminate  most  of  this  stray 
bremsstrahlung.  (On  a  considerably  lower  power  level, 
the  illuminated  volume  of  plasma  is  itself  immersed  in 
bremsstrahlung  from  the  surrounding  plasma  and  part  of 
this  incident  radiation  would  also  be  scattered  into  the 
receiver. ) 
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Clearly,  the  real  concern  is  the  amount  by  which 
the  plasma  is  noi.thermal,  as  evidenced  by  the  magnitude 
of  A.  In  the  case  studied  for  the  small  illuminated  volume, 
if  A  is  less  than  8,  then  the  free -free  bremsstrahlung 
will  dominate  since  it  does  not  decrease  for  go  >  2c0p  as  do 
the  wave-wave  varieties. 

If  0o  is  too  close  to  coD,  then  the  enhanced  scatter¬ 
ing  will  decrease  and  bremsstrahlung  will  again  dominate. 
In  other  words,,  the  closer  is  to  co‘p,  the  larger  A 
would  have  to  be  to  generate  a  detectable  scattered  signal. 
When  «  cOp,  would  have  to  be  about  c/3  or  greater 
for  resonance,  (As  mentioned  in  the  discussion  on  forward 
scattering,  is  very  unlikely  to  become  this  large  and 
our  treatment  is  nonrelativistic. ) 
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7.  FURTHER  COMPUTER  STUDIES 


Additional  computer  studies  were  carried  out  to 
give  experimental  workers  more  concrete  information. 
Volume  integrations  were  made  along  the  path  of  the  laser 
beam  so  that  the  total  scattered  power  could  be  calculated. 
This  scattered  power  was  then  compared  to  that  generated 
by  bremsstrahlung,  also  taken  over  the  appropriate  plasma 
volume.  Various  operating  parameters  were  varied  to  de¬ 
termine  their  effect  on  the  results.  Finally,  the  scattered 
power  and  bremsstrahlung  were  calculated  as  functions  of 
wavelength  to  determine  if  narrow-banding  the  receiver 
would  help  to  improve  the  signal-to-noise  ratio. 

Volume  Integrated  Scattered  Powe r 


The  laser  beam  enters  the  plasma  along  a  chord 
located  a  distance  RQ  from  the  axis  and  is  scattered  into 
the  receiver  {Fig.  5).  For  simplicity,  we  will  consider 
the  incident  laser  beam  to  have  a  square  cross  section  1 
centimeter  on  each  side.  Thus,  the  volume  integration 
uses  coordinates  along  the  chord,  perpendicular  to  the 
chord  from  R0  -  0.  5  cm  to  R0  +  0.  5  cm,  and  perpendicular 
to  the  chord  in  the  z  direction.  The  plasma  is  taken  as 
uniform  in  the  z  direction  (i.  e. ,  we  are  illuminating  the 
center  section),  and  the  z  coordinate  contributes  a  simple 
multiplicative  factor  (in  this  case  unity). 

The  density  profile  across  the  plasma  is  given  by 
Eq.  (21).  The  incident  laser  beam  is  perpendicular  to  the 
Bz  guide  field  and  the  receiver  is  also  located  in  the  same 
x-y  plane  perpendicular  to  the  magnetic  field.  All  the  in¬ 
ternal  parameters  in  the  computer  program,  such  as 
plasma  density  difference  wave  vector,  k,  and  its  theta 
component,  k^,  are  cast  in  terms  of  the  two  coordinates 
(along  the  chord  and  perpendicular  to  the  chord  in  the  x-y 
plane).  The  resultant  volume  double  integral  is  then 
evaluated  by  the  aforementioned  routine  written  by  C.  V. 
Bitierli  (Ref.  21). 
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A  sample  or  t.ypical  ran  is  given  in  Tables  2  and  3. 

In  Table  2,  we  list  the  starting  parameters  of  the  com¬ 
puter  ran.  In  Table  3,  we  liss  the  results  of  varying  most 
of  these  parameters  one  by  one  as  all  the  other  parameters 
are  kept  at  their  ’initial  values.  We  note  that  the  maximum 
scattered  power  obtained  in  this  particular  run  is 
3.01  x  10"®  watts/ steradian. 

In  another  typical  run,  the  starting  parameters  re¬ 
ferred  to  in  Table  2  became  (in  the  same  order) 

2  x  10l5  cm'^,  1.  6  cm,  2.  3  cm,  3.  1  cm,  1.  2  cm, 

5x  XOl—  rad/s,  3.0  cm,  I.  6  cm,  l.  4  >  10*  *  rad/s,  10"6, 
0.1,  0.01,  10  watts/cm~,  20  eV,  and  10.  The  maximum 
scattered  power  for  variations  in  X,  RQ,  and  SP  were  all 
down  by  about  a  factor  of  10;  all  in  all,  there  were  no  strik¬ 
ing  differences. 

Volume  Integrated  Free-Free  Bremsstrahlung 

The  bremsstrahlung  entering  the  receiver  comes, 
of  course,  not  just  from  the  volume  of  plasma  illuminated 
by  the  laser  beam,  but  from  all  the  plasma  subtended  by 
the  receiver  aperture  (Fig.  6,  shaded  area).  For  sim¬ 
plicity,  this  aperture  is  defined  by  the  laser  path  length 
in  the  plasma  (see  Figs.  5  and  6). 

A  computer  calculation  using  the  Table  2  parame¬ 
ters  yields  a  value  for  the  free-free  bremsstiahlung  of 
7.  56  x  10_-  watts/sr.  .4  similar  run  with  R0  changed  from 
2.  2  cm  to  1.  0  cm  results  in  a  value  of  4.  64  x  10"-  watts/sr. 
As  expected,  bremsstrahlung  output  is  very  sensitive  to  the 
plasma  density.  For  example,  changing  the  maximum  den¬ 
sity  (nD)  to  2  x  10*5  cm“3  leads  to  a  result  of  1.  62  watts/sr, 
a  significant  increase.  Thus,  we  see  that  in  this  case  the 
free-free  bremsstrahlung  is  at  least  four  orders  of  mag¬ 
nitude  stronger  than  the  scattered  signal.  We  note  that 
this  is  for  a  wideband  receiver,  i.c.  ,  we  have  integrated 
over  all  frequencies. 
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Ratio  of  drift  frequencies  0.01 

Laser  power  density  10  wattfl/em 
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Volume  Integrated  Wave-Ware  Bremsstrahlung 


Oar  starting  poiuu  is  Eq.  (43)  and  'are  use  Eq.  (23) 
to  determine  the  F el  j  Fe'f  part  ci  the  integral  in  Eq.  (43). 
Oace  again,  vre  replace  k_  by  k  to  obtain  an  estimate  of 
the  maximum  bremsstrahlung.  We  find  that  the  wave- wave 
bremsstrahlung  per  unit  volume  and  per  unit  solid  angle  is: 


4L  H*. 


The  multiple  integration  routine  used  earlier  (Ref.  21) 
gives  us  the  results  for  the  iriple  integral  involved  in  sum¬ 
ming  across  the  plasma. 

The  re  't  for  the  "lable  2  parameters  is  6.03 
watts /sr.  We  s»  *».  therefore,  that  for  this  particular 
plasma,  the  wave-w  ive  bremsstrahlung  dominates  both 
the  free-  free  bre;  isstrahlung  and  especially,  the  scat¬ 
tered  signal. 


Thus,  the  dominance  of  bremsstrahlung  as  indicated 
above  leads  us  to  look  at  the  frequency  (or  wavelength)  de¬ 
pendence  to  see  if  narrow-banding  the  receiver  would  help. 

Free-Free  Bremsstrahlung  versus  Wavelengt h 

The  free-free  bremsstrahlung  is  very  easy  to 
handle.  A  typical  reference  such  as  Glasstone  and  Lovberg 
provided  us  with  the  necessary  formula  (Ref.  19,  p  32). 
Although  the  bremsstrahlung  and  scattered  signal  shall  be 
listed  as  functions  of  wavelength  in  microns  for  convenience. 
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is*  tea  its  they  are  in  waits/sr  Hz.  As  expected,  the  brems- 
strahlnng  is  essentially  uniform  from  ICfc*  to  44 7^  at  1.01  x 
10"^  watts/sr  Hz. 

Scattered  ?crer  versns  Wavelength 

The  scattered  signal  case  is  more  involved.  We 
use  some  of  our  basic  theory  formulas  that  do  not  involve 
integrations  over  frequency.  Recalling  Eq.  (11),  we  have: 


The  differential  cross  section  per  unit  solid  angle  and  per 
unit  frequency  interval  then  becomes  (for  scattering  per¬ 
pendicular  to  the  magnetic  field  direction): 
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Several  computer  runs  were  made  using  Eq.  (52) 
and  the  bi-Maxwellian  given  before  (Eqs.  (20)  and  (22)). 

The  receiver  position  with  respect  to  the  source  was  varied 
by  changing  the  v  and  y  coordinates  (see  Fig.  5).  The 
results,  listed  in  Table  4,  show  that  it  is  possible  in  prin¬ 
ciple  to  achieve  scattering  signals  above  the  free-free 
bremsstrahlung  for  receiver  wavelengths  around  45?j*  for 
the  IT  watts/cm^  laser  power  density  that  we  are  using. 
Thus  narrow-banding  the  receiver  does  help  to  narrow  the 
gap  between  the  scattered  signal  and  the  free-free  brems¬ 
strahlung.  In  general,  we  note  that  the  backscattering 
cases  give  stronger  scattered  signals.  When  the  receiver 
was  moved  towards  the  forward  scattering  position,  the 
wavelength  at  which  the  peak  signal  was  received  tended 
(in  some  cases)  to  be  shorter. 

Wave-Wave  Bremsstrahlung  versus  Wavelength 


The  next  step  is  to  determine  the  magnitude  and 
wavelength  (realty  frequency)  dependence  of  the  wave-wave 
bremsstrahlung.  Once  again  we  turn  to  Tidman  and  Dupree 
(Ref.  4)  and,  using  their  Eos.  (17),  (13),  (12),  and  (40), 
we  find  that: 
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We  use  Eq.  (51)  for  See  to  obtain: 
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Table  4 

Scattered  Power  versus  Wavelength  for  Different  Receiver  Positions 
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where  we  are  again  considering  radiation  emitted  perpen¬ 
dicular  to  the  magnetic  field. 

Equation  (54)  is  our  basic  equation  and  the  result  of 
using  it  in  the  computer  calculation  is,  as  expected,  a  mono¬ 
tonic  decrease  in  power  from  the  longer  to  the  shorter 
wavelengths.  Thus,  at  \  =  527 fj,  (closest  to  a  typical  \  of 
1110)  the  output  is  5.  85  x  10“  14  watts/sr  Hz,  whereas  at 
X  =  97/i  the  output  has  decreased  to  6.  34  x  1 0“ ^  1  watts/sr  Hz. 
At  457/i,  the  wave-wave  bremsstrahlung  is  1.  78  x  10“14,  or 
five  orders  of  magnitude  above  the  scattered  signal.  Thus 
we  see  that  narrow-banding  the  receiver  does  help  with  the 
free-free  bremsstrahlung  which  is  frequency  independent 
in  this  regime.  Narrow-banding  does  not  help,  however, 
with  the  wave-wave  bremsstrahlung,  since  the  same 
mechanism  is  at  work  generating  both  it  and  the  enhanced 
scattering  cross  section  at  all  wavelengths.  Approxi¬ 
mately  the  same  ratio  then  exists  between  the  wideband 
frequency-integrated  (i.e.,  independent)  scattered  signal 
and  frequency-integrated  wave-wave,  bremsstrahlung  as 
between  their  frequency-dependent  counterparts. 

This  leads  us  naturally  into  the  next  section,  where 
we  shall  consider  lasers  whose  ClQ  are  much  greater  than 
U)p. 

Results  for  CO^  and  Ruby  Lasers 

Some  runs  were  made  using  CO2  and  ruby  laser 
wavelengths,  10.  6/i  and  0.  694^,  respectively.  The  other 
parameters  were  as  given  in  Table  1,  except  RS  (Receiver 
distance  to  Source)  whicn  was  changed  slightly  from  0.  42 
cm  to  0.40  cm.  Some  typical  results  were  1.50  x  10“20 
watts/sr  Hz  at  10.  4ji  and  1.  87  x  10"^0  at  10.  8/1.  At  ruby 
laser  wavelengths,  we  found  1.  72  x  1 0“ 22  watts/sx1  Hz  at 
0.  69/Lt  and  9.  12  x  1 0 “ 2 2  q,  595ju. 

Thus,  the  CO2  laser  at  10.  6ji  provides  a  scattering 
signal  that  is  comparable  to  or  slightly  better  than  that 
generated  by  the  far-infrared  337;.  laser.  The  CO2  laser 
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moreover,  can  provide  a  power  density  many  orders  of 
magnitude  greater  than  the  10  watts/cm^  typical  of  the 
HCN  laser.  The  CO2  laser,  therefore,  would  seem  to  be  a 
good  candidate  for  use  in  an  enhanced  scattering  experi¬ 
ment. 


The  ruby  laser  is  also  a  possibility  but  at  a  scat¬ 
tering  power  level  about  2  orders  of  magnitude  less  than 
that  for  the  CO9  laser.  Thus,  for  similar  results,  the 
ruby  laser  must  be  about  100  times  more  powerful  than  the 
corresponding  CO2  laser. 

Finally,  we  see  that  for  the  plasmas  being  con¬ 
sidered,  these  lasers  have  the  advantr_,e  that  £20  »u>p. 
This  means  that  we  do  not  have  to  \vr  cry  about  the  anoma¬ 
lous  or  wave-wave  bremsstrahlung.  For  example,  at 
10.  4^  the  wave-wave  bremsstrahlung  is  down  to  the  neg¬ 
ligible  level  of  1.  6  x  10_49  watts/sr  Hz. 


-  48  - 


THE  JOHNS  HOTK1NS  UNIVERSITY 

APPLIED  PHYSICS  LABORATORY 

Silvi*  Spuing  Maryland 


8.  SUMMARY  AND  CONCLUSIONS 


We  have  investigated  the  conditions  under  which  en¬ 
hanced  scattering  can  be  obtained  from  theta- pinch-type 
plasmas. 

We  found  that  a  necessary,  but  not  always  sufficient, 
requirement  for  enhanced  scattering  is  the  presence  of  a 
nonthermal  electron  component  in  the  plasma.  These  non- 
thermal  electrons  generate  the  high-amplitude  electron 
density  fluctuations  that  scatter  the  incoming  radiation. 

The  electron  density  fluctuations  are  manifestations  of  the 
high-energy  plasma  oscillations  generated  by  the  nonthermal 
electrons.  When  the  difference  wave  vector  and  beat  fre¬ 
quency  between  the  incoming  and  outgoing  radiation  match 
the  wave  vector  and  frequency  of  the  plasma  oscillations, 
the  scattering  cross  section  is  greatly  enhanced  (i.  e. , 
resonance  occurs). 

The  theory  was  applied  to  theta-pinch-type  plasmas 
via  the  rigid  rotor  model.  It  was  found  that  resonance 
occurs  when  the  difference  wave  vector  kg  equals  u>0/Vc j. 

The  broadness  of  the  scattering  resonance  and  its 
sensitivity  to  various  parameter  changes  were  investigated. 
It  was  found  that  the  resonance  was  wide  enough  to  give 
substantial  enhancement  in  the  case  studied.  The  ratio,  A, 
of  the  drift  velocity  of  the  nonthermal  electrons  to  the 
thermal  velocity  of  the  background  is  the  critical  parameter 
in  the  analytic  studies,  since  it  appears  in  the  argument  of 
exponential  terms.  For  the  case  studied,  it  was  found  that 
the  ratio  needed  to  be  7  or  over  for  significant  enhancement. 

We  found  that  the  backscattermg  case  (i.  e.  ,  as  small 
an  angle  as  is  practical  between  source  and  receiver)  was 
the  most  promising.  The  resonance  condition  was  most 
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easily  Sxtisfied  and,  in  geometries  such  as  Fig.  4,  a  finite 
volume  of  the  plasma  wovld  remain  in  resonance. 

The  most  troublesome  aspect  of  any  enhanced  scat¬ 
tering  experiment  is  bremsstrahlung.  For  typical  laser 
power  densities  of  10  watts/ cm  and  considering  the  unit 
volume  of  illuminated  plasma  that  is  in  resonance,  we  found 
that  the  drift  velocity  ratio  A  must  be  greater  than  8  for  the 
scattered  power  to  be  greater  than  the  bremsstrahlung 
(Table  1).  For  A  =  8,  the  conventional  or  free-free  brems¬ 
strahlung  dominates.  For  A  »  9  and' greater,  the  major 
contribution  to  the  bremsstrahlung  comes  from  the  anoma¬ 
lous  or  wave-wave  variety. 

In  the  computer  studies,  we  calculated  the  actual 
scattered  power  and  the  two  types  of  bremsstrahlung  that 
would  reach  the  receiver  under  typical  conditions.  The 
frequency  integrated  scattered  power  was  found  to  be  4 
orders  of  magnitude  below  the  free -free  bremsstrahlung 
and  6  orders  of  magnitude  below  the  wave-wave  brems¬ 
strahlung  for  the  case  studied. 

Narrow-banding  the  receiver  and  looking  at  these 
three  quantities  per  frequency  interval  showed  that  the 
scattered  power  could  be  made  more  or  less  comparable 
to  the  free-free  bremsstrahlung.  In  one, special  case 
(Table  4),  which  would  probably  be  very  difficult  to  attain 
experimentally,  the  scattered  power  was  actually  twice  the 
free-free  bremsstrahlung.  The  wave-wave  bremsstrahlung, 
however,  is  still  5  orders  of  magnitude  larger  than  the  scat¬ 
tered  signal. 

Finally,  we  found  that  a  CO2  laser  would  be  much 
more  suitable  for  use  with  a  narrowband  receiver.  The 
free-free  bremsstrahlung  is  the  same  as  before,  the  wave- 
wave  bremsstrahlung  is  negligible  around  10.  and  the 
scattering  cross  section  is  about  the  same  as  that  for  the 
337jior  HCN  laser.  Since  the  C02  laser  is  much  more 
powerful  than  the  [ICN  laser,  the  prospects  for  a  success¬ 
ful  scattering  experiment  would  seem  to  be  good  with  the 
CC>2  laser. 
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Appendix  A 
RESONANCE  SPIKE 


I 


l 


i 

I 


We  wish  to  examine  {he  conditions  under  which  the 
denominator  of  the  first  term  on  the  right  hand  of  Eo.  (25) 
can  vanish.  As  vefore,  we  are  considering  only  {hose 
cases  where  bd  «  1  (the  background  plasma  has  a  very 
small  drift  velocity).  The  physical  limits  of  any  con¬ 
sidered  experiment  are  such  that  b  is  near  1.  In  this 
case,  we  look  for  solutions  of  the  form  b  =  1  -f  e  where  e 
is  a  verv  small  number.  We  find  that: 


(A  - 1 ) 


To  a  very  good  degree  of  approximation,  we  can  write: 


(A-2) 


For  a  typical  case,  where  6 /(I -6)  =  10"6,  Vjr/Ve  = 
10,  and  a  =  6,  the  difference  between  (A-2)  and  an  itera¬ 
tion  starting  with  (A-2)  and  using  (A-l)  is  in  the  13th  deci¬ 
mal  place  and  c  =  2.  3  x  10“7.  The  parameter  b  was  pro¬ 
grammed  as  1  r  (l  i  A)e  where  went  as  0.01,  0.001, 
0.0001,  0.00001,  0.000001,  and  0  (zero).  There  was  very 
little  difference  between  the  plus-  and  minus-sign  cases, 
and  the  enhancement  factor  for  the  minus  case  went  as 
2.  2  x  1010,  2.  2  x  1011,  2.  2  x  1012,  2.  2  x  1013,  2.  6  x  10*4, 
and  9.3  x  10*4,  respectively.  Thus,  :t  can  be  seen  that 
this  spike  is  indeed  very  narrow. 
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